
Modeling of Particle Evolution in Aerosol
Reactors with Coflowing Gaseous Reactants

Andreas Bensberg, Paul Roth, Reinhard Brink, and Helmut Lange
Institut fur Verbrennung und Gasdynamik, Universitat Duisburg, 47048 Duisburg, Germany¨ ¨

A simple model is presented for simultaneous nucleation and coagulation in combi-
nation with con®ecti®e and diffusi®e particle transport in gas-phase aerosol reactors o®er
the entire particle-size spectrum. This model is applied to a spatially inhomogeneous
aerosol reactor. The flow and reaction characteristics correspond to a confined coflow
diffusion flame of SiCl and NH in a wall-heated flow. The reactor geometry and the4 3
initial and boundary conditions suggest the application of the boundary layer approxi-
mations. The reaction process is described by the flame-sheet model. The particle-size
spectrum is approximated by a unimodal lognormal function. The characteristics of the

( )SiN aerosol concentration, polydispersity, and a®erage particle size calculated at e®-4
ery point in the reactor ®ary significantly in space. At the position of the reaction zone in

( )the outlet cross section, for example, the a®erage particle radius is small r f1 nmg
( )and the standard de®iation is large � � 2 . At other radial positions the particles are

( ) ( )much larger r f15 nm and the size distribution is almost self-preser®ing � f1.36 .g

Introduction

Aerosol reactors are used for production of nanosize parti-
cles such as carbon blacks, pigments, optical fibers, and ad-

Žvanced ceramics see Ulrich, 1971; Chung and Katz, 1985;
.Pratsinis and Mastrangelo, 1989; Kim, 1997; Xing et al., 1996 .

In industrial applications they are often produced by gas-
phase chemical reaction in the way that precursors are issued
in two separated concentric gas flows. The structure of the
flow and reaction processes resemble a laminar coflow diffu-
sion flame in axisymmetric geometries; see Figure 1. These
reactors are notoriously nonuniform aerosol generation sys-
tems. The result is a complex interplay of chemical reaction,
nucleation, coagulation, and convective and diffusive trans-
port. For optimal design and operation of these reactors a
mathematical reactor model is needed, which, on the one
hand, is sufficiently detailed to capture the complexity of the
inner processes, while, on the other hand, the model has to
be simple enough to be feasible for numerical evaluation. To
fulfill the requirements several assumptions are made. The
length L of the reactor is usually much larger than its ra-R
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dius r , that is, L � r , and the reaction zone extends overR R R
a large part of the reactor length. This suggests the applica-
tion of the boundary-layer approximations. Since flow and re-
action characteristics resemble a laminar coflow diffusion
flame, the chemical reaction is usually fast compared to
species diffusion. Additionally, kinetic data are not suffi-

Figure 1. Reactor model.
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ciently available to describe the chemical reaction in detail.
This leads to the application of the flame-sheet model, which
corresponds to the assumption of an infinitely fast chemical
reaction. Furthermore, the supersaturation of the condens-
able species is sufficiently high such that the particle growth

Ž .occurs via diffusion-limited aggregation DLA with single
Ž .molecules acting as primary particles Ulrich, 1971, 1984 . In

this case, the nucleation rate equals the gas-phase reaction
rate. The particles further grow only by Brownian coagula-
tion. The shape of the resulting aerosol-size distribution is
approximated by a unimodal lognormal function. This type of
treatment was successfully applied to particle coagulation

Ž .problems for the free molecule regime Lee et al., 1984 and
Žfor the continuum plus near continuum regime Whitby et

.al., 1991; Lee et al., 1997 .
In the present work the momentum method is applied to

the formation of Si N particles in a wall-heated tube reac-3 4
tor and extended to spatially inhomogeneous processes in-
cluding particle diffusion. The three moments of the size
distribution have to be calculated and the three parameters
can be determined uniquely. Balance equations for these mo-
ments can be derived from the particle dynamic equation
Ž .Friedlander, 1977 . Experiments on Si N synthesis in3 4

Žfurnaces and laser reactors are known Prochazka and
Greskovich, 1978; Janiga et al., 1991; Kizaki et al., 1985; Kruis

.et al., 1998; Danforth, 1992 , but the reaction conditions are
quite different from the present ones.

Theory
Particle-dynamic equation

Ž .The particle-size distribution N r is assumed to be con-p
Ž .tinuous such that N r dr is the number density of particlesp p

with radii between r and r qdr . Neglecting external andp p p
Ž .electrical force fields the particle-dynamic equation PDE

Ž .describing the spatial and temporal evolution of N r can bep
Ž .written as Friedlander, 1977

� N J
q�� © N s � r y rŽ .Ž .p , r p p0� t mp0

1 r 1r3 1r3p 3 3 3 3q � r , r y r N r N r y r drŽ .H Ž . Ž .p p p p p p p2 r s 0p

�
yN r � r ,r N r dr , 1Ž . Ž .Ž . Ž .Hp p p p p

r s 0p

where © is the velocity of particles with radii between rp, r p
and r qdr ; J is the specific mass production of critical clus-p p
ters; m is the mass of critical clusters, that is, particles ofp0
the critical radius r ; and � is the collision frequency func-p0
tion. Quantities such as © , J, and � also depend on spacep, r
and time. For convenience this is not stated explicitly in the
list of variables. The terms on the lefthand side represent the
local temporal rate of change in N and the change due to
convective particle transport. The first term on the righthand
side represents the production of critical clusters per unit
time. The second and third terms account for the gain and
loss of particles within a size interval due to coagulation

Ž .Friedlander, 1977 . Since the particles are primarily trans-
ported with the mean aerosol flow, the particle movement
relative to the mean velocity of the aerosol is described by a
diffusion approach. Such an approach describes the relative
motion between particles and gas. Hence, a diffusion law of
the Fickian type reads

N © y© syD�N , 2Ž . Ž .p , r G r

where © is the gas velocity and D the diffusion coefficientG r
for particles with radius r . Based on the Stokes�Einsteinp
expression for the continuum regime and extended to the free
molecular regime by a correction due to Cunningham, D isr
given by

k TB
D s 1q AKn , 3Ž . Ž .r 6�	 rG p

where k is the Boltzmann constant; T the Kelvin tempera-B
ture; 	 the viscosity of the gas phase; As1.657 a constant;G
and Kn the Knudsen number of the particles, which is de-
fined as Kns l rr , where l is the mean free path of theG p G
gas molecules. The term © N in the PDE can be written asp,r

© Ns©NyD�Nqu N , 4Ž .p , r r G

where © is the aerosol velocity and u the velocity of the gasG
phase relative to the aerosol. The PDE can then be rewritten
as

� N J
q�� ©N y�� D�Nyu N s � r y rŽ . Ž .Ž .r G p p0� t mp0

1 r 1r3 1r3p 3 3 3 3q � r , r y r N r N r y r drŽ .H Ž . Ž .p p p p p p p2 r s 0p

�
yN r � r ,r N r dr . 5Ž . Ž .Ž . Ž .Hp p p p p

r s 0p

The size distribution of the particles is approximated by a
Ž .lognormal function of the form Friedlander, 1977 :

2
N ln r rr1 1Ž .p p g

N r s exp y , 6Ž . Ž .p ½ 5' 2 ln � r2� ln � p

where N is the total number density of particles, r the geo-p g
metric particle radius, and � the standard deviation. It should
be noted that, although the assumption just employed re-
stricts the solution to the form of a lognormal function, the
three size parameters of the distribution N , r , and � arep g
allowed to vary in space and time. Many experimental results
and numerical calculations indicate that particle-size distri-
butions during coagulation indeed fit a lognormal function.
Even if a distribution is found not to be truly lognormal, it is
customary to represent calculated or measured size distribu-
tions with equivalent geometric-size parameters such as N ,p
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r , and � that are computed from the discrete-size spectrum.g
The spatial and temporal evolution of these three parameters
is determined by calculating three moments of the size distri-
bution.

Ž .The k th moment of a size distribution N r is defined byp

�
kM s r N r dr , 7Ž . Ž .Hk p p p

0

where k is a real number. In the case of a lognormal size
distribution function the integral can be evaluated to be

1
k 2 2M sN r exp k ln � . 8Ž .k p g ž /2

Balance equations for the moments can be derived from
the PDE to give

r k J� M p0k
q�� ©M q�� j qu M s qP , 9Ž .Ž . Ž .k M G k kk� t mp0

1 � � kr33 3 k kP s r q r y r y rH H Ž .k p1 p2 p1 p22 0 0

� � r ,r N r N r dr dr , 10Ž . Ž . Ž . Ž .p1 p2 p1 p2 p1 p2

where j is the diffusion flux of the k th moment. In theMk

case of a lognormal size distribution function, j can beMk

calculated to be

j syD �MM M kk k

1° 2exp 1y2k ln �Ž .
2~yM D �k C rg¢

¶
2exp 2 1yk ln �Ž . •q Al � , 11Ž .G 2rg ß

where

kT 1
2D s exp 1y2k ln �Ž .Mk ½6�	 r 2G g

2q AKn exp 2 1yk ln � 12Ž . Ž .g 5
kT lG

D s , Kn s . 13Ž .C g6�	 rG g

Particularly in the case of the flame-sheet model, the pa-
rameter N has steep gradients near the flame-sheet, whilep

the gradients of the other two parameters r and � are com-g
paratively smooth. Since M is proportional to N the mo-k p
ments have steep gradients near this point, too. This moti-
vates the approximation only to consider the first term on the
righthand side of Eq. 11. The diffusion law then reduces to a
Fickian-type diffusion flux for the kth moment of the form

j (yD �M . 14Ž .M M kk k

The relative velocity of the gas phase can be calculated as

o
4� p 2 2u s D � r exp 2 ln �Ž .G C g½3 


1
2q Al � r exp ln � , 15Ž .G g 5ž /2

where 
 o is the density of the particle material and 
 thep
averaged aerosol density.

To obtain a closed set of balance equations for the mo-
ments, the last term in Eq. 9, the collision integral, has to be
evaluated. This can be best performed if k is a multiple of
three. In particular for ks3 the integrand vanishes. So, co-
agulation has no impact on the third moment. This is not
surprising, because the third moment represents the mass
density of the particle phase and this quantity is not changed
by coagulation. Since three moments have to be calculated in
order to determine the evolution of three parameters N , r ,p g
and � , the moments M , M , and M are chosen. The colli-0 3 6
sion integral P in Eq. 10 has to be evaluated for ks0, 3, 6.k
The gas�particle interaction is completely different for the
free molecular size regime and for the continuum regime,
and so are the collision frequency functions. For the free

Ž .molecular regime FM the collision frequency function is

1r21r2
6kT 1 12

� r ,r s r q r q . 16Ž . Ž . Ž .FM p1 p2 p1 p2o 3 3ž / ž /
 r rp p1 p2

For ks0 and the lognormal distribution given in Eq. 6 the
integral can be evaluated partially up to the expression:

1r2
6 r kT ZgFM 2P syN exp0 p o ž /ž /�
 16p

� '� 1qexp 2 Z yŽ .H
y�

1r2 2' '� exp 3 Z y qexp y3 Z y exp y y dy , 17Ž .Ž .Ž . Ž .

where T , N , r , and Zs ln2 � are functions of x and t. Thep g
remaining integral cannot be solved exactly, but some at-

Žtempts exist to calculate it approximately Pratsinis, 1988;
.Otto et al., 1997 . The authors found a more precise approxi-

mation, as is shown in the Appendix. The collision integral is
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then calculated to be

P FMsy� M 2 , 18Ž .0 FM 0

where

1r2
6 r kT Z Zg

� s exp exp 3Z q2exp q1Ž .FM o ½ž / ž /ž /
 8 2p

'1y 2 r2 Wy1 Z
y exp yž /' W 16W

Z Z
� exp 3 q2exp q1 19Ž .5ž / ž /W 2W

9
2Ws1q ln � .

4

Using the same approximation, the collision integral for ks6
becomes

P FMs� M 2 , 20Ž .6 FM 3

where

1r2
6 r kT 13 Zg

� s2 exp Z exp 3Z q2exp q1Ž .FM o ½ž / ž /ž /
 8 2p

'1y 2 r2 Wy1 Z
y exp yž /' W 16W

Z Z
� exp 3 q2exp q1 . 21Ž .5ž / ž /W 2W

If the particles are assumed to be spherical, the collision fre-
Ž .quency function for the continuum regime C reads

C r C r2kT Ž . Ž .p1 p2
� r ,r s r q r q , 22Ž . Ž . Ž .C p1 p2 p1 p2 ž /3	 r rG p1 p2

C r s1qBKn , Bs1.56.Ž .p

For this regime the integral in Eq. 10 can exactly be calcu-
lated as

P Csy� M 2 , P Csy� M 2 , 23Ž .0 C 0 6 C 3

where

2kT Z
w x� s 1qexp Z qBKn exp 1qexp 2ZŽ . Ž .C g½ 5ž /3	 2G

24Ž .

4kT Z
w x� s 1qexp Z qBKn exp y 1qexp y2Z .Ž . Ž .C g½ 5ž /3	 2G

25Ž .

To also cover the transition regime between free molecular
and continuum conditions, the harmonic mean approxima-
tion is used. This approach was taken previously by Pratsinis
Ž .Pratsinis, 1988 . The collision integral is then calculated by
just one expression for each moment. For the zeroth moment
this is

P sy� N 2 , 26Ž .0 p

where

1 1 1
s q , 27Ž .

� � �FM C

and for the 6th moment

P sy�
 2 , 28Ž .6 p

where

1 1 1
s q . 29Ž .

� � �FM C

Balance equations
The aerosol is treated as an ideal suspension of gas and

particles for which the continuum equations are to be valid.
Neglecting external and electrical force fields as well as ra-
diative heat transfer, the balance equations for mass, mo-
mentum, and energy of the aerosol, and for the gas species
read:

�

q�� 
© s0 30Ž . Ž .

� t

�
©
q�� 
©©y t s0 31Ž . Ž .

� t

�
h � p
y q�� 
©hqq y© ��py� :�©s0 32Ž . Ž .

� t � t

�
YG
 q�� 
©Y q j s0, 33Ž .Ž .G G
 
� t

where t and � are the stress tensor and its contribution due
to friction; h, p and q are the specific enthalpy, the pressure,
and the heat flux, respectively. Y and j are the mass frac-G G
 


tion of the gas species 
 and its diffusion flux. The gas phase
is considered as a mixture of ideal gases. The particles are
assumed to be incompressible and to have a constant heat
capacity. For the stress and the heat flux of the gas phase,
the material laws of Newton and Fourier are applied. The
particle phase is assumed not to contribute to the stress and
the heat flux of the aerosol. Then the material laws for the
stress and the heat flux of the aerosol read:

2
Ttsy pIq 1y� 	 �©q� ©y �� ©I 34Ž .Ž .p G ž /3

qsy 1y� � �Tq j q 
u h y 
 1yY u h ,Ž . Ž .Ž .Ýp G G G G p G p
 





35Ž .
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where � is the volume fraction of the particle phase, Y thep p
mass fraction of the particle phase, and h and h are theG p


specific enthalpies of the gas species 
 and of the particle
phase, respectively. The gas species participating in chemical
reaction are assumed to be highly diluted by a chemically
inert gas. Then the diffusion flux j of the reacting gasG


species can be described by Fick’s law:

j sy 1yY 
 D �Y yu , 36Ž .Ž . Ž .G p G G G
 
 


where D is the coefficient of diffusion of the species 
G


into the gas mixture.
The transport coefficients 	 , � , and D in the preced-G G G


ing equations are calculated on the basis of the kinetic theory
of gases for the interaction potential of hard sphere
molecules. A useful empirical formula for 	 with some the-G

Ž .oretical justification Hirschfelder et al., 1954 is

X

	 s ,ÝG X r	 q1.385 X k T r pm M DŽ . Ž .Ý
 G � B o 
 
 �
 


� � 


37Ž .

where X and M are the mole fraction and the molar weight
 


of species 
 , and m is the mass of a hydrogen atom. Theo
formulas for the viscosity 	 of the pure species and for theG


binary diffusion coefficient D are
�

5 m M k T 1o 
 B
	 s 38Ž .(G 2
 32 2� r


kT k T 1B
D s , 39Ž .
� 2( 2 2p 8� m Mo 
 � r q rŽ .
 �

where r is the radius of the hard spheres and M is de-
 
 �

fined by

M M
 �
M s . 40Ž .
� M qM
 �

The thermal conductivity � is calculated by the combination
averaging formula of the pure species conductivities �


Ž .Mathur et al., 1967 :

1 1
�s X � q ,Ý 
 
 X2 
� 0
 Ý

�



9 R

� s c q 	 , 41Ž .
 p G
ž /4 M


where R is the universal gas constant. Finally, the diffusion

coefficient is calculated by

1y X

D s . 42Ž .
 X rDÝ � 
 �

� � 


To achieve good agreement with experimental results, the
hard sphere radii are calculated on the basis of Eq. 38, where
experimentally determined values for 	 at an estimatedG


mean temperature of the aerosol reactor are taken. Although
the interaction potential for hard-sphere molecules is quite
simple, the preceding formulas for the transport coefficients
of the gas phase are well suited to describe the dependence
of these coefficients on temperature and composition of the
gas mixture.

In the material laws, Eqs. 37 to 39, the mass fraction Yp
and the volume fraction � of the particle phase appear.p
These also depend on space and time. However, if the third
moment and the aerosol density are known, they can be cal-
culated by


 04� 4�p
Y s M , � s M . 43Ž .p 3 p 33 
 3

As stated earlier, the balance equations are valid for regular
points in the flow field. The flame-sheet model produces an
internal boundary where the balance equations for singular
points have to be applied. In the case of a stationary bound-
ary they read:

[ 
©] � n s0 44Ž .F

[ 
©©y t ] � n s0 45Ž .F

1
2
 hq ® ©qqy© �� � n s0 46Ž .Fž /2

[ 
©Y y j ] � n s� 47Ž .G G F 

 


r k Jp0
[©M q j qu M ] � n s . 48Ž .k M G k Fk mp0

where n is the unit normal vector on the flame sheet; � isF 


the mass production of the gas species 
 in the flame sheet;
and J is the mass production of the particle phase in the
flame sheet. The brackets [ f ] represent the difference be-
tween the lefthand side limit and the righthand side limit of
the argument f at the flame-sheet position. This difference is
either zero, if the argument function is continuous, or equal
to the righthand side source terms.

In the present case, we consider only the stationary opera-
tion of a rotationally symmetric reactor. Applying boundary-
layer approximations the system of balance equations reads
in cylindrical coordinates for regular points:

� r
 ® � r
 ®r z
q s0 49Ž .

� r � z

� p
s0 50Ž .

� r

October 1999 Vol. 45, No. 10AIChE Journal 2101



� ® � ® � pz z

 ® q
 ® qr z� r � z � z

1 � � ®z
y r 1y� 	 s0 51Ž .Ž .p Gr � r � r

� T � T 1 � � T

 ® c q 
 ® c y r 1y� �Ž .r p z p p G� r � z r � r � r

� Y � T
p G G
q 1yY 
 c y 1qY c u y c DŽ . Ž . Ýp p p p r p 
½ 5� r � r


2� p � ®z
y® y 1y� 	 s0 52Ž .Ž .z p G ž /� z � r

� Y � Y
 
G
 ® qu q 
 ®Ž .r r z� r � z

1 � � Y

y r 1yY 
D s0 53Ž .Ž .p 
r 1yY � r � rŽ .p

� ® M � ® M 1 � � Mr 0 z 0 0 G 2q y rD y ru M sy� MM r 0 00ž /� r � z r � r � r

54Ž .

� ® M � ® M 1 � � Mr 3 z 3 3 Gq y rD y ru M s0 55Ž .M r 33ž /� r � z r � r � r

� ® M � ® M 1 � � Mr 6 z 6 6 G 2q y rD y ru M s�M ,M r 6 36ž /� r � z r � r � r

56Ž .

where cG
 and c p are the specific heat capacities of the gasp p
species 
 and of the particle phase, respectively. The specific
heat capacity c of the aerosol is calculated byp

c s 1yY Y cG
qY c p. 57Ž .Ž . Ýp p G p p p





The flame-sheet model implies the assumption that all
quantities are continuous at the flame sheet. This does gen-
erally not hold for their gradients. To fix ideas we consider a
one-step irreversible chemical reaction of the type:

� � � �� G q� G ™ � G q � P , 58Ž .1 1 2 2 3 3 P

where G , G represent the precursors; G a gaseous reac-1 2 3
tion product; and P the condensable molecular species. The
two precursors diffuse from different sides toward the flame
sheet. At this point they react completely so that their mass
fractions are zero there. They do not penetrate the flame
sheet and beyond the flame sheet their mass fractions are
zero. Principally, one or more precursors can be added if their
diffusion coefficients are significantly larger than those of the
other two precursors. One example of such an additional third

Ž .precursor could be hydrogen H .2
The preceding assumptions and the thereby simplified sin-

Ž .gular balance equations Eqs. 44�48 then read

[ 
 ]s [® ]s [® ]s [T ]s [ p]s [Y ]s [ M ]s0 59Ž .r z 
 k

� ®z
s0 60Ž .

� r

� T
� s� H� 61Ž .G R� r

� Y

y 1yY 
D s� qY J 62Ž .Ž .p 
 
 
� r

kr J� M J p0k
yD y M s , 63Ž .M kk � r 1yY 
 mŽ .p p0

where � H is the molar heat of reaction; � is the reactionR
rate in moles per second; and � is the mass production rate


of species 
 , which can be expressed by the reaction rate as

� sy� M � , 
s1, 2 64Ž .
 
 


� s� M � , Jsy� M � . 65Ž .3 3 3 p p

The reaction rate is


D � Y1 1
�s 1yY , 66Ž .Ž .p ž /� M � r rs r1 1 F

where r is the radial position of the flame sheet andF
Ž . �� Y r� r denotes the derivative of Y at the flame sheet.rsr1 1F

Numerical Method
The preceding system of parabolic differential equations is

stepwise integrated in the z-direction. The procedure begins
at the inlet where initial conditions are stated. The dis-
cretization is performed by finite differences. Stability prob-
lems of the system of differential equations, which are mainly
caused by the source terms due to coagulation in the balance
equations of the zeroth and the 6th moment, require an im-
plicit numerical scheme. For the derivatives with respect to
the radius second-order difference approximations can be ap-
plied everywhere except at the flame sheet. In the flame sheet
the derivatives of the moments are so steep that they must be
approximated by difference formulas of first order. Deriva-
tives with respect to z are also approximated by difference
formulas of first order. The pressure gradient � pr� z in the
balance equations for momentum and energy is not elimi-
nated by use of the ideal gas law but determined iteratively.
The iteration method makes use of the conservation of the
total mass flux in the z-direction.

Results and Discussion
Initial and boundary conditions

Initial conditions are prescribed at the inlet of the reactor.
The two precursors are injected into the reactor separately in
two concentric flows: an inner flow injected through a nozzle
and an outer annulus flow. Each of them is diluted by an
inert gas. The initial velocity profiles are given as solutions of
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the incompressible Navier�Stokes equations, for example,
Hagen�Poiseuille. The concentration is homogeneous in each
flow, and temperature and pressure are also homogeneous
and equal in the two flows. The radial velocity is set equal to
zero.

The walls of the reactor are assumed to be adiabatic. There
will be no mass flux into or out of the wall, and the no-slip
condition is assumed. Hence, the gradients of the tempera-
ture, of the species mass fractions, and of the moments as
well as both components of the velocity themselves are zero
at the wall. For reasons of symmetry the gradients of temper-
ature, species mass fractions, moments, and velocity in the
z-direction as well as the velocity in the r-direction itself are

Ž .zero at the symmetry axis rs0 , too. Thus, the boundary
conditions are

� T � T
s0 s0 67Ž .

� r � r rs rrs 0 R

� Y � Y
 

s0 s0 68Ž .

� r � r rs rrs 0 R

� M � Mk k
s0 s0, ks0, 3, 6 69Ž .

� r � r rs rrs 0 R

� ®z
�® s0 s0 70Ž .rs0z � r rs rR

� �® s0 ® s0. 71Ž .rs0 rsrr r R

Examples
Ž .The formation of silicon nitride Si N in a typical labora-3 4

tory reactor is considered. The gas-phase precursors used are
Ž . Ž .silicon tetrachloride SiCl and ammonium NH , which4 3

Ž .both are diluted by the inert gas nitrogen N . A one-step2
reaction is assumed:

4 NH q3SiCl ™12 HClqSi N , 72Ž .3 4 3 4

where Si N is considered as a hypothetical molecular parti-3 4
cle. In the following, the indices 1 to 4 refer to NH , SiCl ,3 4
HCl, N , respectively. The molar heat of reaction is assumed2
to be

� Hfy257 kJrmol. 73Ž .R

The density of the amorphous particle material is estimated
to be 
 os2600 kgrm3. The specific heat capacities used arep

Žtaken from the JANAF thermochemical tables Chase et al.,
.1985 :

cG1s3,301.65 Jrkg �K, cG2s755.1 Jrkg �K,p p

cG3s857.81 Jrkg �K, cG4s1,169.5 Jrkg �K,p p

c ps2,305.4 Jrkg �K. 74Ž .p

The radius of the reactor r and the inner and outer radii rR I1
and r of the nozzle through which the inner flow is injectedI2

are

r s10 mm, r s3 mm, r s5 mm. 75Ž .R I1 I 2

At the inlet area, initial temperature and pressure, the inner
and outer volume fluxes, the corresponding velocity profile
and mass fractions are

Ts1,200�C, ps1 bar. 76Ž .

˙ 3 ˙ 3V s304 cm rmin V s7,002.4 cm rmin 77Ž .I O

I y3 OY s2.02�10 Y s0 78Ž .1 1

I O y3Y s0 Y s2.65�10 79Ž .2 2

I OY s0 Y s0 80Ž .3 3

I OY s0.99798 Y s0.99735 81Ž .4 4

˙° 2VI 2 2r y r for 0F rF rŽ .I1 I14� rI1

0 for r � r � rI1 I 2~®sz 2 2 2 2˙2V r yr ln r rr y r yr ln rrrŽ . Ž .Ž . Ž .O I2 R I 2 R I 2 I 2
2 2 2 2 2 2� r yr r yr y r q r ln r rrŽ .Ž . Ž .R I2 R I 2 R I 2 R I 2¢ for r F rF r .I2 R

82Ž .

The transport properties of the gaseous species were calcu-
lated based on hard-sphere radii, which were determined
from their measured viscosities:

r s1.994�10y10 m, r s4.328�10y10 m,NH SiCl3 4

y10 y10r s2.128�10 m, r s2.030�10 m.HCl N2

In the case of SiCl , no viscosity data were found and the4
experimental data for the binary diffusion of SiCl in air were4
used.

In Figures 2 and 3 the radial profiles of the velocity, the
Ž .temperature, and the mass fractions near the inlet zf1 cm

are shown. The two parabolic inlet velocity profiles can still
be identified. The temperature profile has a minimum at the

Figure 2. Temperature and velocity near the inlet.
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Figure 3. Mass fractions near the inlet.

radial position of the flame sheet because the reaction is en-
dothermic. Since the reaction enthalpy and the mass frac-
tions of the precursors are low, the decrease in temperature
due to chemical reaction amounts only to about half a Kelvin.

Ž .The mass fractions of the products HCl Y and the particle3
Ž .phase Y have a maximum there. The profiles of the pre-p

Ž . Ž .cursors NH Y and SiCl Y are zero at the flame sheet.3 1 4 2
Figure 4 shows for zf1 cm the radial profiles of the mean

particle radius r and its standard deviation � . At the flameg
sheet, the reaction process yields small particles and coagu-
lation produces larger particles. The combination of these

Ž .effects leads to a broad spectrum of N r resulting in a max-p
imum of � . Near the flame sheet, the particle density as well
as coagulation activity are high causing comparatively large
values for r . Only at the flame sheet itself there is a slightg
local minimum that is caused by the supply of small particles
due to the chemical reaction. Left and right of this local min-
imum are local maxima, where the left one is significantly
higher. Due to the cylindrical geometry the particle density is
higher at smaller radii. This results in a higher coagulation
rate yielding larger particles. Accordingly, the gradient of the
mass fraction of the particles is at the left side of the maxi-
mum and is not so steep as at the right side.

Figure 4. Geometric mean radius and standard devia-
tion near the inlet.

Figure 5. Temperature and velocity at the outlet.

Figures 5, 6 and 7 show the profiles of the characteristic
Ž .quantities at the outlet of the reactor zs50 cm . The veloc-

ity has a parabolic Hagen�Poiseuille-like profile and the
temperature is nearly constant. The radial position of the
minimum of the temperature profile is again the flame-sheet

Ž .position. The mass fraction Y HCl is nearly constant and3
almost homogeneously distributed. The mass fraction Y ofp
the particle phase is completely different. Only in the radius
range in the middle, over which the flame sheet has moved at
lower z-values, Y reaches comparatively high values. At bothp
edges of this radius range, the Y -curve slopes down rapidly,p
and outside of this range Y is nearly zero. This peculiarityp
needs some further explanation: the reduction of the reac-
tion zone to a sheet with a comparatively high reaction rate
produces a high particle density resulting in a high coagula-
tion activity in this region. The particles grow rapidly up to a
size, where their capability for diffusion has decreased con-
siderably because the diffusion coefficient in the free molecu-
lar regime is proportional to 1rr 2. Practically, these particlesp
are transported only by convection. In the confined pipe flow,
the velocity is nearly parallel to the reactor axis. Hence, con-
vection only induces particle transport in the axial direction,
and transport in the radial direction plays only a secondary

Ž .role. The radial profiles of r and � Figure 7 show qualita-g

Figure 6. Mass fractions at the outlet.
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Figure 7. Geometric mean radius and standard devia-
tion at the outlet.

Ž .tively the same features as near the inlet Figure 4 . In the
range of the dimensionless reactor radius of around 0.4 where
particles have been produced first, that is, near the inlet, the
coagulation process lasted the longest period and hence there
are the largest particles with a mean radius of about 15 nm.
In this range � reaches values of about 1.35, which is close

Ž .to a self-preserving size distribution Lai et al., 1972 .
Figure 8 shows the calculated position of the flame sheet

in the tubular reactor. The frame of the plot represents the
inlet, outlet, and wall of the reactor. Also marked are several
points inside the reactor at which the size distributions have
been calculated; these are shown in Figures 9 to 11. The de-
velopment of the size distribution along the flame sheet is
represented in Figure 9. The number density is obviously
dominated by the particles that are newly formed in the flame
sheet resulting in particles of small mean radii. The reaction
rate decreases along the sheet and so does the total number
density of the particles. A different development of the size
distribution can be observed along the middle axis of the re-
actor, as shown in Figure 10. Coagulation results in a de-
crease of the total particle number density of the particles
along the axis, on the one hand, and in an increase of the
mean radius, on the other hand. Figure 11 shows size distri-

Figure 8. Location of the flame sheet in the reactor.

Figure 9. Development of the size distribution along the
flame sheet.

butions at different radial positions at the outlet area of the
reactor. Point 11 is closest to the flame sheet. The corre-
sponding distribution is mainly influenced by newly formed
particles. Its mean radius r still has a comparatively low valueg
of about 6.4 nm. Point 12 has the radial position of the flame

Ž .sheet at the inlet see Figure 8 . Here those particles are
found that were produced near the inlet and that had the
most time to grow by coagulation. So, r here reaches itsg
maximum value of about 15 nm, and the largest particles are
found here. Point 13 is outside the radius range that the flame
sheet has passed, that is, at this radial position particles never
have been produced. So particles can reach this position only
by diffusion. Since diffusion favors small particles, we find
here smaller particles again, with values of r f5 nm. Thisg
holds so much more for point 14 at the wall. The high coagu-
lation activity of the particles arriving at point 12 results in a
lower total number density than in points 13 and 14.

Discussion
The results reveal the clear influence of chemical reaction

and coagulation on the spatial distribution and composition
of particles inside the reactor. The location of the reaction
zone in combination with convective transport and radial dif-

Figure 10. Development of the size distribution along
the middle axis.
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Figure 11. Size distribution at different radial positions
at the outlet.

fusion mainly determine where particles can be found. In the
preceding flow regime, which is basically parallel to the sym-
metry axis, particles leave the reactor predominantly at those
radial positions that have been passed by the reaction zone
inside the reactor. There the mass fraction of the particle

Ž .phase is significantly higher Figure 6 and their average size
Ž .is larger Figure 7 than outside of this radial region. The

model presented here incorporates all relevant effects to de-
scribe these phenomena in detail. It allows calculation of the
formation and growth of particles in a gas-phase reactor
where the reaction processes are diffusion controlled, and it
includes convective and diffusive particle transport. Due to
the spacial inhomogeneity of the reactor, the standard devia-
tion � varies significantly even within the outlet cross sec-
tion, as can be seen from Figure 7. In particular, in reactor
volumes near the flame sheet, the standard deviation reaches
values of � �2. In this case, the usual approximation of the
collision integral becomes questionable. This is the reason for
using the improved approximation, given in the Appendix.

It should be noticed that even at the outlet after a distance
of 500 mm the mean particle radius does not exceed a value
of 15 nm. Three reasons may account for this low value. First,
the mass fraction of the precursors at the inlet is quite low,
being on the order of 10y3. Second, the process is laminar
and diffusion controlled, which slows down the particle for-
mation and the subsequent growth. Third, the flame sheet
walks through the whole reactor, producing particles of very
small size even at the outlet.
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Appendix
The collision integral in Eq. 17 cannot be calculated ana-

lytically. However, an analytical expression is needed. So the
integrand has to be skillfully approximated, which has been

Žattempted by several authors see Pratsinis, 1988; Otto et al.,
.1997 . An alternative approximation is described below and

compared with previous results.
The exact integrand reads

1r2 2' 'f y s 1qexp 2 Z y cosh 3 Z y exp y y A1Ž . Ž .Ž .Ž . Ž .

Zs ln2 � . A2Ž .

The analytical integration cannot be performed because of
Ž .the square-root term. For this term Pratsinis 1988 chooses

the approximation,

1r2 2 3' 'cosh 3 Z y f 2 0.633q0.092� y0.022�Ž .Ž .
3 '�cosh Z y , A3Ž .ž /2
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Figure A1. Exact and approximated integrands.

Ž .Otto et al. 1997 uses the approximation,

1r2 ' 'cosh 3 Z y f 2 1q1.2 exp y2�Ž .Ž .
3

2 'y0.646 exp y0.35� cosh Z y , A4Ž . Ž .ž /2

while the authors found the approximation:

23
1r2 ' ' ' 'cosh 3 Z y f 2 q 1y 2 exp y Z yŽ .Ž . ž /ž /2

3 '�cosh Z y . A5Ž .ž /2

Figure A1 shows the exact integrand and the three approx-
imations for two typical values of � . While the present ap-
proximation is practically identical with the exact integrand,
the other two approximations show distinct deviations. For
larger but still realistic values of � , the approximation of

Ž .Pratsinis 1988 deviates more and more from the exact form
until it even changes the sign. On the other hand, the devia-

Ž .tion of the approximation of Otto et al. 1997 decreases for
increasing values of � . Only if the present approximation is
used one can be sure that deviation of the results presented
here are due to the assumption of the model itself and not to
the approximations in evaluating the model.
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